
Solutions to activity on permutations and S4

Cycle notation activity

1. Click on the element (1 2 3). The symbols ♦ ♠ ♥ ♣ should appear. Write
down the permutation (1 2 3) in two row notation.

(1 2 3) =
(

1 2 3 4
2 3 1 4

)
.

♠ has moved from position 1 to position 2;
♥ has moved from position 2 to position 3;
♦ has moved from position 3 to position 1;
♣ has not moved.

When you pressed compose ’=(1 2 3)(4) should have appeared on the
screen. We often do not include the cycles containing a single element
when writing permutations in cycle form. Thus (1 2 3) and (1 2 3)(4) are
alternative notations for the same permutation. The computer will write
the identity permutation as (1)(2)(3)(4).

2. Which element should you click on to show the permutation
(

1 2 3 4
2 1 4 3

)
?

(1 2)(3 4). notice that ♠ and ♥ are swopped and that ♦ and ♣ are
swopped.

3. Click on (1 2). Then click on (3 4). What single permutation has the
same effect as these two in succession?

The permutation (1 2)(3 4). This is the same as the permutation (3 4)(1 2)
as the cycles are disjoint.

4. Click on (1 3). Then click on (1 2). What single permutation has the
same effect as these two in succession?

(1 2 3)

5. Click on (1 2). Then click on (1 3). What single permutation has the
same effect as these two in succession? Press the ‘Compose’ button to see
if you were right.

(1 3 2)

6. What do you notice about the answers to the previous two questions?

The answers are different. As the cycles are not disjoint, the permutations
may not commute.

1



Activity on order of permutations

1. What are the lengths of the cycles in (1 2 3)(5 6)? What order do you
think this permutation has?

This permutation contains 1 3-cycle and 1 2-cycle. It’s order is 6.

2. What are the lengths of the cycles in (1 2 3 4)(5 6)? What order do you
think this permutation has?

This permutation contains 1 4-cycle and 1 2-cycle. It’s order is 4.

3. What is the rule for the order of a permutation written in cycle notation?
[See Unit GT1 p19 Theorem 6].

The order of a permutation is the lowest common multiple of the length’s
of its cycles.

4. Write down the the order of (1 2 3 4)(3 6)?

The order is 5. This is because the cycles are not disjoint. In cycle notation
the permutation is written (1 2 3 6 4) which is a 5-cycle.

Transposition Activity

1. Your task is to reach the (1 2 3 4) using just the transpositions - they are
all on the bottom row of the permutation array. How many transpositions
did you use?

One solution is (1 4)(1 3)(1 2). There are many others but the number of
transpositions used will always be odd.

2. Now make (1 2 3) the target. How many permutations do you use this
time.

One solution is (1 3)(1 2). The number of transpositions used will always
be even.

3. An adjacent transposition is a two cycle consisting of consecutive num-
bers, such as (2 3). Repeat the previous two exercises using just adjacent
transpositions.

(1 2 3 4) = (1 2)(2 3)(3 4) and
(1 2 3) = (1 2)(2 3) are two possible answers.

4. Find two different ways of reaching (1 3 2)(1 2 4 3) = (2 4) using adjacent
transpositions.

Two possibilities are (1 3)(2 3)(1 2)(2 4)(3 4) and (2 3)(3 4)(2 3).
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Subgroups of S4

1.

2. Store the elements generated by (1 2 3). What is the order of (1 2 3)?
What are the elements of the cyclic subgroup generated by (1 2 3).

You should have stored (1 2 3), (1 3 2), id. These are the elements of the
cyclic subgroup. Thus (1 2 3) has order 3.

3. Store the elements generated by (1 2 3 4). What is the order of (1 2 3 4)?
What are the elements of the cyclic subgroup generated by (1 2 3 4).

You should have stored (1 2 3 4), (1 3)(2 4), (1 4 3 2), id. These are the
elements of the cyclic subgroup. Thus (1 2 3 4) has order 4. Notice that
they are not all 4-cycles.

4. What is the order of (1 3)(2 4)? What are the orders of the elements of
the cyclic group generated by (1 2 3 4)?

The order of (1 3)(2 4) is 2. In the cyclic group the identity has order 1,
(1 3)(2 4) has order 2, and the two 4-cycles have order 4.

5. Use the applet to help you find the smallest subgroup containing (1 2 4)
and (1 4).

The subgroup contains the elements (1 2 4), (1 4 2), (1 4), (1 2), (2 4) and
id. It is isomorphic to S3 as it consists of all the permutations of the the
set 1, 2, 4. It is worth noting that once you have generated 5 elements, you
know that there must be at least one more because of Lagrange’s theorem.
How do you know that you have finished when you have six elements? The
best way is to recognise that they form a group isomorphic to S3 and so
must be a subgroup. Checking all possible combinations to see that there
are no more generated, should only be done in extremis or by a dumb
computer program!

6. Use the applet, if necessary, to help you find the smallest subgroup con-
taining (1 3) and (2 4).

This subgroup has elements (1 3), (2 4), (1 3)(2 4) and id. It is isomorphic
to Klein’s four group as all the non-identity elements have order 2.

Conjugacy

1. Write down (1 2 3)−1, ((1 2)(3 4))−1 and (1 2 3 4)−1.

(1 2 3)−1 = (1 3 2), ((1 2)(3 4))−1 = (1 2)(3 4), (1 2 3 4)−1 = (1 4 3 2).

2. Find all the conjugates of (1 2 3 4) in S4 and all the conjugates of (1 2)(3 4).
What do you notice?

The conjugates of (1 2 3 4) in S4 are all the 4-cycles. The conjugates of
(1 2)(3 4) are the three pairs of 2-cycles. Conjugacy preserves cycle type.
[See Theorem 1 in Frame 12 on p30 of the Permutations unit.]
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3. Which element(s)k satisfy (1 2 3) = k(1 3 4)k−1? What do you notice?

k = (2 3 4), k = (1 3)(2 4) and k = (1 4 2). These are the three per-
mutations that when applied to 1, 2, 3 give the three ways of writing
(1 3 4) = (3 4 1) = (4 1 3). [See the Strategy in Frame 17 on p31 of
the Permutations unit.]

4. Which element(s)k satisfy (1 2) = k(1 3)k−1? What do you notice?

k = (2 3), k = (1 4)(2 3), k = (1 3 2) and k = (1 3 4 2). These are the
four permutations that when applied to 1, 2, 3 give the two ways of writing
(1 3) = (3 1). (Two each).

5. Find all the conjugates of (1 2 3) in A4, that is only allowing conjugation
by even permutations.

There are only 4 such conjugates, namely (1 2 3), (2 4 3), (1 3 4), (1 4 2).

If we work in A4 rather than S4 the number of conjugacy classes are
increased. Theorem 1 in Frame 12 states that:

two elements of Sn are conjugate in Sn if and only if they have the same
cycle type.

The condition, given here in bold type, is necessary for this theorem to
work both ways round. If H is any subgroup of Sn we still have that if g
is conjugate to h in H, then g and h must have the same cycle type. It
is no longer true that if g and h have the same cycle type then they must
be conjugate.
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