
Solutions to activity on cosets and normal sub-
groups

Subgroups and their cosets

1. Describe the position of the left coset elements in relation to the subgroup
elements in the top row. Explain what you see in terms of the definition
of left coset.

The left coset elements are directly below the subgroup elements. This is
because the elements in the r row have the form rg where g is the element
of S(�) in the top row above rg. Since the left coset r〈a〉 is the set of
elements of the form rh, where h ∈ 〈a〉, they will be found in the r row
directly below the elements of 〈a〉.

2. Click on an element of the subgroup in the leftmost column. What can
you say about the left coset generated by this element?

This left coset is identical to the subgroup 〈a〉. It is bound to be contained
in this subgroup because subgroups are closed with respect to the group
operation. We can argue that we obtain the whole subgroup as follows.

Suppose that the element in the leftmost column is h1 and the subgroup
element we wish to reach is h2. Then

h2 = h1h
−1
1 h2 ∈ h1〈a〉

as required. For example to reach c in the left coset b〈a〉, we observe that
b−1c = a so that c = ba.

3. How many elements will each coset have?

In this example each coset has 4 elements. In general cosets of a given
subgroup H have the same number of elements as H. If H is not finite
there will be a one to one correspondence between the elements of the
subgroup and the coset.

4. Click, in turn, on each of the rest of the elements in the leftmost column of
the Cayley table. What do the different colours show? How many colours
are used?

The different colours show distinct cosets. In this case there are 2 distinct
left cosets so there are 2 colours.

5. Repeat the above steps for the subgroup 〈b〉.
Since the subgroup is of order 2, each coset has 2 elements. There are 4
distinct left cosets.

6. Which theorem about a finite group G, and a subgroup H tells you about
the relation between the number of left cosets of H , the order of H, and
the order of G. What does it say?
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Lagrange’s theorem states that the number of left cosets of H is equal to
the number of elements of G divided by the number of elements of H.

Right cosets

1. Describe the position of the right coset elements in relation to the subgroup
elements in the leftmost column. Explain what you see in terms of the
definition of right coset.

The right coset elements are directly to the right of the subgroup elements.
This is because the elements in the r column have the form gr where g
is the element of S(�) in the leftmost column to the left of gr. Since the
right coset 〈a〉r is the set of elements of the form hr, where h ∈ 〈a〉, they
will be found in the r column directly to the right of the elements of 〈a〉.

2. Click on an element of the subgroup in the top row. What can you say
about this coset?

This coset is the same as the subgroup.

3. How many elements will each coset have?

Each right coset will have the same number of elements as the subgroup. If
the subgroup is infinite, there will be a one to one correspondence between
the elements of the coset and the elements of the subgroup.

4. Click, in turn, on each of the rest of the elements in the top row of the
Cayley table. What do the different colours show? How many colours are
used?

The colours show to which coset the elements belong. Two colours are
used, one for each right coset.

5. Repeat the above steps for the subgroup 〈b〉.
Since the subgroup is of order 2, each coset has 2 elements. There are 4
distinct right cosets.

6. Which theorem about a finite group G, and a subgroup H tells you about
the relation between the number of right cosets of H , the order of H, and
the order of G.

Lagrange’s Theorem

7. Use the applet to help you find the following for two different groups:

(a) a subgroup, whose right and left cosets are the same;

(b) a subgroup, with different right and left cosets.

There are many possible answers to these two questions. For example in
S(Tri), 〈a〉 has the same right and left cosets whereas 〈r〉 has different
right and left cosets. The solutions to the questions following may help
you to find some more examples.
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8. In the previous question, did you rule out some groups? Why?

In any abelian group right and left cosets are always the same so you need
to choose non-abelian groups for this.

9. In question 7a, was there a choice of subgroup for which you felt the left
and right cosets had to be the same? Why? [Think about the number of
cosets.]

If you choose a subgroup of index 2, that is with just two distinct left(right)
cosets, the left and right cosets will co-incide since one is the subgroup
and the other consists of everything else.

Normal subgroups

1. In the cosets applet, select the group S(�) and the subgroup 〈r〉. Click on
the ‘Show left cosets’ button. Use the colours to help you find two pairs
of elements x, y and v, w such that x and v belong to the same coset, y
and w belong to the same coset but xy and vw belong to different cosets.

Let x = b, y = a, v = t, w = s. Then xy = ba = c and vw = ts = a are in
different cosets. There are other examples.

Now reset, choose the same group and subgroup and use the applet to
write down the elements of the left coset x〈r〉 and the right coset 〈r〉x.
Are they the same?

b〈r〉 = 〈r〉b = {b, t}
What about y〈r〉 and 〈r〉y?

a〈r〉 = {a, u} whereas 〈r〉a = {a, s} so these are different. For your
example, at least one of your x, y should have had different left and right
cosets.

2. Select the group S(Tri) and the subgroup 〈r〉. Repeat the exercise above.
Can you find a subgroup of S(Tri) for which you cannot repeat the above
exercise?

x = a, y = b, v = s, w = t works. Note that a〈r〉 = {a, s} whereas
〈r〉a = {a, t}.
You won’t be able to repeat the exercise for the subgroup 〈a〉.

Use the applet to help you find all the proper normal subgroups of S(�), S(Tri)
and Q.

This task is made easier by clicking on the ‘Left cosets’ button. If the
resulting table divides into neat squares of colour, all the same size, the subgroup
is normal. Otherwise it is not normal. This is because the binary operation in
the group transfers to the cosets when the subgroup is normal. That is, in a
group G with normal subgroup N , for any two pairs of elements x, y and u, v
such that x and u belong to the same coset of N , and y and v belong to the
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same coset of N then xy and uv belong to the same coset of N . In this case the
cosets of N can be regarded as elements of a new group. We call this group the
quotient group G/N .

Normal subgroups of S(�) are 〈a〉, 〈b〉, {e, b, r, t}, {e, b, s, u}.
S(Tri) only has one normal subgroups which is 〈a〉.
All the given subgroups of Q are normal. You might like to convince yourself

that there are no more.

Solutions to Activity on Quotient Groups

2 Can you find a quotient group of S(�) isomorphic to K?

S(�)/〈b〉 is isomorphic to K.

3 What quotient groups of S(Tri) can you find?

S(Tri) has only one proper quotient group S(Tri)/〈a〉 which is isomorphic
to C2.

What does Lagrange’s Theorem tell you about the order of a quotient
group of a finite group?

The order of a quotient group is the number of cosets of the associated
normal subgroup and so must divide the order of the group.

4 Use the applet to help you find quotient groups isomorphic to the following
groups: C3, C4, S3.

Z6/〈3〉 is isomorphic to C3.

Z8/〈4〉 is isomorphic to C4.

S(Hex)/〈r3〉 is isomorphic to S3.

5 In the applet select the group C4 × C2. This is an abelian group of order
8. Select the subgroup 〈a2〉. To which group is the subgroup isomorphic?
To which group is the quotient group isomorphic?

The subgroup is isomorphic to C2 and the quotient group is isomorphic
to K.

Select the subgroup 〈b〉. To which group is the subgroup isomorphic? To
which group is the quotient group isomorphic?

The subgroup is isomorphic to C2 and the quotient group is isomorphic
to C4.

This is an example of a group G, with two isomorphic normal subgroups
H,N such that G/H is not isomorphic to G/n.
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